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ABSTRACT. A mass gap and a rigid comparison problem are easy to
place too close together. They are not the same statement. A mass gap
controls every nonvacuum direction. Here the question is narrower: can
a certified nontrivial response be driven arbitrarily close to the point
where that comparison becomes degenerate? This gives a lower-envelope
notion of rigidity.

Two examples force the distinction. For future-cone momentum p,
affine observer response satisfies

infp-u= \/1; .

u
Timelike momentum has a positive lower envelope; nonzero null momen-
tum does not. For a nonzero element ¢ of a finitely generated discrete
Abelian unscreened charge group A, the character response |a(£) — 1|2
has a positive punctured lower envelope exactly when / is torsion. If
m = ord(f) < oo, that reserve is 4sin®(m/m); infinite-order charge is
character-soft. The physics is different. The lower-envelope geometry is
the same.

Energy enters only after another theorem. At finite certified endpoints,
a response-weighted inequality K > kW is weaker than full off-ground
coercivity, and its compatibility with soft directions is controlled by a
finite Schur complement. Free Maxwell theory is the control case: the one-
photon gap vanishes while a positive finite-observer response inequality
survives. On the charge side, the selected Dirichlet passage gives a
concrete energetic bridge: a charge-twisted lift fails ordinary gluing by
the exact factor a(¢) — 1, and the local boundary form measures that
defect.

Torsion therefore supplies an isolated charge response, not a mass
gap. Degree-three associator data remain coherence data; in the selected
SU(3) passage problem they act by unitary reassociation rather than
by generating the passage spectrum. The rest of the paper keeps those
boundaries explicit while treating reductive gapped/soft coexistence,
limit transfer, and residual soft gauge sectors.
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1. INTRODUCTION

1.1. The question is weaker than a mass gap. A mass gap is a strong
answer to a strong question. If a physical Hamiltonian H > 0 has complete-
ground projection Pq, then

(1) H>A(1-Py), A>0,

forbids every normalized nonvacuum sequence whose energy tends to zero.
Nothing soft survives that estimate.

The question here is weaker. Fix a physical sector and a certified family
of comparisons. Each comparison reads some nonnegative response. Can
the nontrivial response be pushed arbitrarily close to the place where that
comparison stops seeing anything? If not, there is a reserve. If yes, the sector
is soft for that comparison problem.

This distinction matters because a transport theory carries several compar-
ison problems at once. Observer energy is one. Meridional charge detection
is another. They should not be identified merely because both admit a useful
infimum. The common object is the lower envelope; the physics sits in the
response being enveloped.

1.2. Two places where the same mathematics appears. For future-cone
momentum p, the affine response to a future-timelike observer u is

Ry(u) =p - u.

The observer-complete structure imported from [10] gives

inf p-u:\/];.

3
uEHJr

A timelike momentum therefore carries a positive observer reserve. A nonzero
null momentum does not: every finite observer still measures positive energy,
but a sequence of boosts can drive that energy toward zero. The response
remains meaningful all the way to the boundary. The lower envelope is what
changes.

Now take a nonzero unscreened Abelian charge ¢ € A. Its comparison
family is the Pontryagin dual

A =Hom(A,U(1)),
and the natural meridional response is
re(a) = |a(6) — 12

Here the same question becomes arithmetic. If £ has finite order, the nontrivial
character values cannot approach 1 continuously. If ¢ has infinite order, they
can. Torsion and infinite order therefore split the charge problem into rigid
and soft lower-envelope sectors.

That is the point of departure:

rigidity means separation of certified response from degeneracy.
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This is not yet an energy theorem.

1.3. The energetic arrow is a separate burden. The passage from a
positive response reserve to a physical energy floor is not automatic. It
requires an analytic bridge. On the observer side that bridge may be a
Hamiltonian or closed form dominating a response functional. On the charge
side the selected SU(3) confinement construction [7] gives something more
concrete: the charged cut lift satisfies the source-twisted matching law, fails
ordinary admissible matching, and the Friedrichs boundary form measures
precisely that ordinary defect.

There is a second shortcut to avoid. The finite recognition architecture
of [8] keeps relative charge, degree-three coefficient-band associator data,
analytic forms, and coercive coordinates separately typed. Thus

[wi] # [w2] # @ # ¢

In the selected passage problem, the relative center charge supplies the phase
defect. The associator supplies coherent reassociation. Those are different
jobs.

1.4. Proof architecture and status boundary. The proof order follows
the burden. First isolate the lower envelope. Then test it on observers and
charges. Only after that do we ask what a physical form does with the
response. Maxwell is the control case because any hidden reintroduction of
a mass gap would fail there.

Three boundaries are load-bearing. The Moore—Penrose formulas below
are finite-endpoint statements. Comparison—-Mosco convergence is imported
only after it has been independently certified. No lower-envelope reserve is
promoted to a Hamiltonian gap without another analytic theorem.

2. LOWER-ENVELOPE RIGIDITY

Definition 2.1 (Certified response system). Let X be a set of nontrivial
physical sectors. For every x € X, let C; be a certified comparison family
and let

ry : Cp — [0, 00)
be a nonnegative response. Define the punctured response set
Ry ={rz(c): c€Cyy r2(c) > 0}.
Whenever R is nonempty, define
(2) p(z) = inf R.
For a family of sectors define the outer reserve

(3) p+(X) = inf p(2).
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Proposition 2.2 (Separation criterion). For every sector with nonempty
punctured response set,

p(z) >0 < 0¢RS,
whereas L

p(r)=0 <<= 0€R;.
Thus lower-envelope rigidity is precisely separation of the punctured response
set from the degeneracy value 0.
Proof. This is the defining property of the infimum of a nonempty subset of
(0, 00). O

Theorem 2.3 (Energetic lift of a lower envelope). Suppose that for every
x € X, every certified comparison c € Cy, and every vector u in the declared
represented sector, a nonnegative physical form satisfies

(4) Ga,clu] = Cyra(c) [[ull®

with one constant Cy > 0. Then every nondegenerate response satisfies
Gzclu] = Cupla)||ul?.

If in addition p«(X) > 0, then

(5) Ga,clu] = Copu(X) ul®

uniformly over all sectors and all nondegenerate certified comparisons.

Proof. For ry(c) > 0, one has r,(c) > p(x) > p.(X). Insert these inequalities

into (4). O

Remark 2.4 (The bridge is indispensable). Theorem 2.3 runs in one direction.
The lower envelope says that a response cannot collapse. It does not say
what that response costs. The constant C, is the missing physics, and it has
to be earned on the represented carrier.

3. APPLICATION I: AFFINE OBSERVER RESPONSE

Let p € V4 \ {0} and let H3 denote the future unit hyperboloid. On the
affine observer-response structure of [10], define

rp(u) = p - u, u e HS.

The imported affine lower-envelope identity is

(6) Pobs(p) := inf p-u= \/1;
ueH?
For timelike p, the reserve is positive. For nonzero null p, every finite observer
response remains positive but the infimum is zero, so 0 lies in the closure of
the punctured response orbit.
For a realized joint spectral support X C V4, define the outer observer
reserve

A Y) = inf (p).
(7) obs( ) pelZln\{O}pObb(p)
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Its positivity depends on the realized spectral support and is therefore
dynamical. In the strong semisimple situation imported from GAT VI, a
positive observer lower envelope participates in invariant mass transfer. The
free Maxwell application below shows that the response architecture itself
remains meaningful when this outer reserve vanishes.

4. APPLICATION II: TORSION CHARGE AND CHARACTER SOFTNESS

Let A be a finitely generated discrete Abelian unscreened charge group

and
A =Hom(A,U(1))
its Pontryagin dual. For £ € A\ {0} define
8 re(a) = |a(l) — 1%, 04(0) = inf rp(a).
®) d0) =la(0 =11 6a(0)= _inf rila)
Theorem 4.1 (Torsion—softness dichotomy). Let ¢ € A\ {0}. If m =
ord(f) < oo, then
Sa(t) = 4sin> = > 0,

(9) A0) sin” — > 0
If ¢ has infinite order, then

(10) 04(0) =0.
Equivalently, 64(¢) > 0 exactly for nonzero torsion charge.

Proof. Write A ~ 7" & T with T finite. If ¢ has order m, then (¢) ~ Z,,. A
character of this cyclic subgroup sending ¢ to a primitive mth root extends
to A because U(1) is divisible. Hence the possible values on ¢ are exactly the
mth roots of unity. The nearest nontrivial value to 1 is therefore e*27/m,
giving (9).

If £ has infinite order, its projection to the free factor is nonzero. Choose an
integer linear functional on the free factor that is nonzero on ¢ and compose
it with n — ¢™?. Varying @ gives nontrivial character values on ¢ arbitrarily
close to 1. Hence (10). O

Corollary 4.2 (Group-wide character reserve). For nontrivial finitely gen-
erated A, define
0x(A) = inf 04 ().
(4) = Inf 94 (6)

Then 6.(A) > 0 if and only if A is finite. If A is finite with exponent e(A),
then

(11) 6+(A) = 4sin?

T
e(A)

Proof. If A has nonzero free rank, it contains an infinite-order element, so
the infimum vanishes by theorem 4.1. If A is finite, every nonzero element

has finite order dividing e(A), and an element of order e(A) exists. Since
4sin?(7/m) decreases with m > 2, (11) follows. O
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Proposition 4.3 (Choice-free detector average). If A is finite and ¢ # 0,
then

(12) S la(e) — 112 = 214]

acA

For finite A, the normalized average is always 2 and therefore does not record
the order of £. The lower envelope does.

Proof. Character orthogonality gives 3 _1a(f) =0 for £ # 0. Expanding

la(f) — 1> = 2 — a(f) — a(f) and summing yields (12). O

Remark 4.4 (Screening acts before the envelope). The charge group entering
theorem 4.1 is already the screened quotient. If L is the admitted line-charge
group and Sqyn is generated by inhabited dynamical screening sectors, then

Auns = L/den-

Screening changes the set over which the outer envelope is taken. It can
turn infinite order into torsion or erase the sector altogether. That is the
algebraic effect. Any confinement, Higgs, or mass statement still needs its
own dynamics.

5. IMPORTED INTERFACES AND COORDINATE FIREWALL

Before touching energy, one more firewall. Several coordinates live on the
same finite proposal. Shared notation does not make them implications of
one another.

Proposition 5.1 (Coordinate independence). A distinction of realized as-
sociator classes does not formally imply a distinction of physical quadratic
forms:

[wi] # [w2]  # @ # g

Likewise neither [w] # 0 nor finiteness of Z(G) implies a positive spectral
gap.

Status. This boundary is imported. In [8], the internal H 3 coordinate and
the electric/coercive coordinate are carried separately, and the witness ledger
already contains different coefficient-band sectors with the same finite Hamil-
tonian and coercive data. There is therefore no missing implication to be
supplied here. O

Remark 5.2 (Why the firewall is load-bearing). The later parameter 7 is
not a norm of a cohomology class. It measures a represented analytic handoff.
If those two quantities are identified, the rest of the paper becomes circular.
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5.1. Comparison—Mosco boundary. The limit passage is another place
where a stronger theorem can be smuggled in by notation. We do not do
that. Mosco convergence of closed convex forms begins with [11]; varying-
Hilbert-space versions may be found in [6]. The GAT comparison package of
[9] is imported only when its hypotheses have been checked.

Section 11 starts after that work. Once g, — qo in the required comparison—
Mosco sense, and once the response admits compatible recovery along the
same passage, the response floor transfers. Response coercivity itself is not
used to manufacture the convergence theorem.

6. FINITE RESPONSE-WEIGHTED COERCIVITY

Now the finite matrix problem. The Moore—Penrose formulas below belong
to a certified endpoint; no continuum pseudoinverse is being hidden in the
notation. The block-positivity criterion goes back to [1]; see also [13].

Definition 6.1 (Response pair). Let K, W be Hermitian forms on V with
K >0, W >0, and W # 0. Define

. (v, Kv)
(13) ~E W) = <U,I}[£1vf)>0 (v, Wo)

The pair is response-coercive when (K, W) > 0. Equivalently, there exists
k > 0 such that K > gkW.

Proposition 6.2 (Two-block response criterion). Let
2
_(a -—7n _(r* 0
=G ) w2
with nonnegative scalar data. Then K > «W if and only if
(14) a > kr?, n > ks, n? < (a — kr?)(n — ks?).

Proof. The inequality is equivalent to positivity of

g2 _
K—I{W:(a T ’72>.
-7 n— kS

For a real symmetric 2 x 2 matrix, positivity is equivalent to nonnegative
diagonal entries together with nonnegative determinant. ([

Theorem 6.3 (Finite generalized Schur criterion). Let
o= ) =0 a)

be finite Hermitian matrices. Fiz k > 0 and define
A, =A— KRy, N, =N — kRg.

Then K > kW if and only if

(15) N.>0, KerN,CKerB*, A,—B*NIB>0.
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Proof. Because the endpoint space is finite dimensional, Ran N is closed
and the Moore—Penrose inverse is a bounded operator on the supported
subspace. Positivity on vectors whose soft component lies in Ker IV, forces
B*|ker N, = 0. On the orthogonal support of Ny, completing the square gives

< <x> (K — kW) <w> > = <y + NIBz, N, (y + N,IBI’)>
Y Y
+ (2, (A = B'NIB) z).
This gives the equivalence. See also [1, 13]. O

Definition 6.4 (Schur screening load). When the hypotheses of theorem 6.3
are met, define

>« = B*N!B.
Then the response-active residual is

SHZA—KVRA—E,{.

Corollary 6.5 (Soft-rigid scaling). In the scalar model of theorem 6.2,
suppose ng — 0 and the active response reserve stays uniformly bounded,

OgaR—m%§C'<oo.
If sg =0 and a fixed response floor k > 0 survives, then

ng=0(ng),  nr=O0(/ng).

If one also has ar — m% > ¢ > 0, the active block retains a nonvanishing
reserve while the mixing still obeys the same soft scaling.

Proof. From (14),
7,]2% < (agr — m’%)nR < Cng.

7. DIRICHLET ACTIVATION OF CHARACTER RESPONSE

The charge envelope still knows no energy. The missing arrow is the passage
form. In the selected pure-SU(3) confinement problem [7], the charged cut
lift satisfies the source-twisted jump and fails ordinary admissible gluing.
Friedrichs restriction measures that failure with the local physical form. That
is where the character response becomes energetic.

Let ¢ € Auns \ {0}. Fix a certified family of detecting characters and
assume their selected cut lifts land in one common boundary form domain
Dy carrying a single nonnegative ordinary Friedrichs/Dirichlet form dadm,
For every detecting o € Euns and every u in the declared common source
domain, suppose the boundary trace Ty ,u € Dy and the ordinary seam
defect factors as

(16) Bra(u) = (a(f) — 1) Ty qu.
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Proposition 7.1 (Character-factor Dirichlet activation). Under (16),

(17) 9By o (w)] = |a(6) — 112 4™ [T qu).
If, on the certified family under consideration,

(18) P Tpau] 2 elul?, e >0,
then

(19) (B ()] = eore()||ul®.
Consequently, for torsion charge of order m,

(20) Jnt 4B, o (u)] > 4c, sin® % 2.

Proof. The boundary form is quadratic, so scalar multiplication in (16) gives
(17). The remaining statements follow from (18) and theorem 4.1. O

Remark 7.2 (What torsion does not prove). The factor 4sin?(w/m) is
already exact, but it is only the charge-side reserve. The Hamiltonian
does not know it until the trace reaches the Dirichlet form with a positive
bound. Thus (18), or the sharper finite passage-pencil certificate, remains
load-bearing. In the present pure-SU(3) confinement manuscript that last
normalized pencil calculation is still open [7].

Remark 7.3 (Associator covariance). This is where the associator belongs.
On the selected SU(3) passage pencil it acts by unitary reassociation, so
changing fusion presentation does not change the generalized spectrum. The
center charge supplies the defect in (16). The associator keeps the comparison
coherent. It does not create the passage energy.

8. SECONDARY COHERENCE-SENSITIVE ANALYTIC ACTIVATION

The theorem above needs no direct H3-to-energy map. There is still
another possibility: a coherence-sensitive comparison may acquire its own
analytic representative. If that happens, it has to be typed separately.

Definition 8.1 (Analytic activation witness). Let y be a coherence-sensitive
physical comparison in a fixed finite certified realization. An analytic activa-
tion witness for x is a separately certified sesquilinear mixed form

hX: Dy x Dg — C

whose carrier, support, complete ground, boundary data, refinement stage,
and provenance agree with those of x, and which satisfies the declared
boundedness or form-boundedness needed for a finite represented mixed
block BX.

No mixed block is inferred merely from a nontrivial associator, transgressed
selector, or calibrated mixed phase. This preserves the coordinate firewall
imported from [8].
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8.1. Pure activation from zero baseline mixing. Fix finite positive
diagonal blocks and a represented activation block B. Let

A 7B R 0
KT_<TB N)’ W‘(o o)’ 720

Here 7 is an analytic activation strength, not a norm of [w].

Theorem 8.2 (Pure activation threshold). Assume A >0, R >0, N >0,
and Ker N C Ker B*. Put

C = B*N'B.
If B # 0, define
(21) 2= HAfl/QCAfl/QH ;

if B=0, set 7. =00. Then K; > 0 exactly for 0 <1 < 1.. On that interval
the response floor is

(22) Kaft (T) = Amin {Pfl/? (A - 7'2C> R_l/g] .

Moreover kng(T) is nonincreasing in 72, and for 0 < 0,7 < 7o,

(23) kot (7) — Kar(0)] < |72 — 02 HR—1/2CR—1/2H ‘

For B #0, kag(7) > 0 for 0 < 7 < 7 and kag(7e) = 0.

Proof. By theorem 6.3 with Rg = 0, positivity of K is equivalent to
A—72C>0.

Conjugating by A~/2 gives I — 72A~1/2C A~1/2 > 0, which is equivalent to
0 <7 < 7. On this positivity interval, K. > kW is equivalent to

A—rkR—72C >0.

Conjugation by R~1/2 gives (22). Since C > 0, increasing 72 decreases the
Hermitian matrix in form order, proving monotonicity of its least eigenvalue.
The estimate (23) is the standard finite-dimensional least-eigenvalue pertur-
bation bound; compare [4]. Strict positivity below 7. and vanishing at 7.
follow from the definition of the threshold. O

Remark 8.3 (Nonzero baseline mixing). If B, = By+7C, the first variation
of the Schur complement contains a linear interference term. The monotonic-
ity assertion of theorem 8.2 is therefore restricted to pure activation from
vanishing baseline mixing with fixed diagonal blocks.

9. APPLICATION III: FREE MAXWELL CONTROL

Maxwell is the control problem. If response coercivity were merely a mass
gap written in softer notation, it should fail here. It does not. We use the
standard free bosonic Fock realization [2] and the usual Weyl criterion [12].
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9.1. One-photon representation. Use the physical helicity one-photon
space
Hy = L*(R3, d*k; C?),
with
(Hf)(k) = |kf(k),  (Pf)(k)=kf(k).
Thus the joint four-momentum is p(k) = (|k|, k), lying on the future null
cone away from k = 0.
Let u = (u°,u) be a future unit timelike observer, and define
H,=u"H —u-P.
If w has rapidity p, then for every k
e Plk| < ullk| —u-k < ef|kl,

so in operator form

(24) e PH < H, <e’H.
Choose four future-timelike observers w1, . .., u4 spanning R and weights
w; > 0. Define
4
(25) tar[f] = > wi(f, Hu, ).
j=1

The spanning condition makes the finite response packet injective on four-
momentum. From (24), with

=St C= Ty
J J

we obtain

(26) caff (fs Hf) < vag[f] < Cag(f, Hf).
Hence

(27) (f, Hf) > Corarlf].

Proposition 9.1 (Maxwell gaplessness with positive response floor). Let
f € Hy be normalized, smooth, and supported in 1 < |k| < 2. Set R, = 3"
and

Ja(k) = RY f(Rak).

Then || full = 1, the supports are pairwise disjoint, f, — 0, and

IH full = R, gl f(@)|| — 0.

Thus fn is a Weyl sequence at spectral value 0 for the one-photon energy
operator. The corresponding one-photon Fock states V,, = af(f,)Q are
normalized, vacuum-orthogonal, weakly null, and satisfy ||HV,| — 0.

Nevertheless the response inequality (27) holds on the natural one-photon
form domain. Consequently

-1
AMaxwell = 0, Kap > Cpg > 0.
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Proof. Normalization follows by the change of variables ¢ = R,k. Because
the radial support of f, is contained in [R;!,2R,;!] and R,41 = 3R, the
supports are disjoint. Orthogonality therefore implies weak convergence to
Z€ero.

Moreover

[ A2 = [ PR f(Ruk) P d* = B [ laPIf (@)

The Weyl criterion then places 0 in the one-photon spectrum [12]. Second
quantization preserves the one-particle action on one-photon vectors. Finally
(27) provides the positive response floor independently of the absence of a
Hilbert-space gap. [l

Corollary 9.2 (Infrared response softness). For the family in theorem 9.1,
tast[fn] = O(R,_Ll) — 0.

Remark 9.3 (Continuous center is not the proof). The masslessness used
here comes from the Maxwell dynamics. The fact that Z(U(1)) = U(1)
is not a substitute for that calculation. The charge-side softness and the
photon-side softness meet in this example; neither proves the other in general.

10. REDUCTIVE GAPPED/SOFT COEXISTENCE

The next question is whether the two behaviors can live on one selected
branch. They can, but the mixing has to pay for itself. We formulate the
finite or finite-reduced problem for

Gy x TF
P ?
with I" finite central. The local Lie algebra splits into semisimple and toral
parts, but the quotient modifies the genuine global charge and cocharacter
lattices; standard compact Lie-group background may be found in [3, 5].
Let P be the complete-ground projection and work on a selected ground-
orthogonal excitation space

V — (I_ PQ)H — Vss @Vtor.

G =

Assume on this finite or finite-reduced endpoint that

(A B* _(Rs 0
k=5 %) w=(T )
Hypothesis 10.1 (Pure-toral infrared admissibility). There exists a nor-
malized infrared trial family y; in a selected toral form domain such that

(0,y;) € D(K) C (I — Po)H
after all selected Gauss/Ward and physical-carrier reductions, and
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Theorem 10.2 (Reductive coexistence). Assume
A > HSSRssa N > H/tOI”RtOIW Kss; Ktor > 0.
Fiz
0 < k < min{ksg, Ktor }

and define Ny = N — kRyop. If
N, >0, Ker N,. C Ker B, B*N/B < A — kR,

then
K > kW.

Under theorem 10.1, howewver,
K0 ®y;] = Nly;] — 0.

Thus the full nonvacuum form infimum is zero even though the response floor
stays positive.

Proof. The response estimate is precisely theorem 6.3. The pure-toral trial
family lies in the full selected form domain by theorem 10.1; hence its
form energy tends to zero. A positive Hilbert-norm lower bound on the
entire nonvacuum form domain is therefore impossible. Moreover N[y;] >
Ktor Rior[y;] implies Rior[y;] — 0. O

Remark 10.3 (Rayleigh versus Weyl). In an abstract form setting, a
normalized family with ¢[;] — 0 will be called an infrared Rayleigh family.
It is promoted to a Weyl sequence only when the appropriate operator-domain
criterion, as in theorem 9.1, is separately verified.

11. RESPONSE-FLOOR LIMIT TRANSFER

Nothing in the finite Schur estimate gives the limit for free. Mosco conver-
gence and its varying-Hilbert-space variants provide the analytic passage [6,
11]; the source-specific comparison maps come from [9]. The result below
begins only after those hypotheses are in place. It is a transfer lemma, not a
replacement for the upstream comparison—Mosco theorem.

Hypothesis 11.1 (Joint form/response recovery). Assume q, — qo in an
independently certified comparison—Mosco sense. Let v, and tg be nonnegative
response forms. For every u € D(qo), assume there exists a recovery family
Un, such that

qnlun] — qolul, ty[un] — tolul.

Lemma 11.2 (Response-floor transfer). Under theorem 11.1, suppose one
constant k, > 0 satisfies

Qn[v] > Kslp [U]
for every n and every v € D(q,). Then
qo[u] > Favo[u]

for every u € D(qp).
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Proof. Apply the finite inequality to a joint recovery family and pass to the
limit. [l

Corollary 11.3 (Limiting response softness). If golu;j] — 0, then tolu;] — 0.

Remark 11.4 (What is not proved here). The hard part is joint recovery of
the response on the moving carrier. Theorem 11.2 starts after that bridge
has been built. In particular, the response-weighted floor cannot simply be
substituted for a full off-ground hypothesis inside an existing comparison—
Mosco theorem and expected to carry the rest of the proof with it.

12. PERSISTENT COHERENCE-ACTIVATION RESERVE

Once a coherence-sensitive mixed form has been represented, refinement
creates a new danger: the finite activation may be harmless at each early stage
and still exhaust the reserve cofinally. At each endpoint D take a certified
pure-activation package (Ap, Bp, Np, Rp) satisfying the finite hypotheses of
theorem 8.2: Ap > 0, Rp > 0, Np > 0, and Ker Np C Ker B},. Fix k > 0
as the floor to be preserved, put

Cp = B5N}),Bp,
and assume Ap — kRp > 0.

Definition 12.1 (Coherence-activation load). Define

(28) Meon(D; k) = H(AD — kRp)~?Cp(Ap — /‘iRD)_l/gH :

Proposition 12.2 (Persistent activation capacity). If
s%pi)ﬁcoh(D; K) =M, < o0,

then, when M, > 0, every activation strength
0<r< M;l/Z

preserves the response floor k at every finite endpoint. If M, = 0, every

finite T preserves the floor. If the branch also satisfies theorem 11.1 for the

activated forms and responses, the same response floor passes to the limiting

response form.

Proof. The inequality 72Mcon(D; k) < 1 is exactly the conjugated Schur
condition

AD—IQRD—TQCD>0.

Uniform boundedness gives the same admissible 7 at every endpoint. The
limit statement is theorem 11.2. O

Corollary 12.3 (Refinement obstruction). If Mcon(Dj; k) — 0o along a co-
final sequence, then, within the pure-activation family above, no fixed nonzero
activation strength preserves the floor k uniformly along that sequence.
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13. EFFECTIVE INFRARED RESTORING FORM

There is a different question again. Response coercivity asks whether a
chosen response keeps a reserve. Symmetry breaking asks which candidate
gauge directions remain null in the infrared restoring problem. We therefore
change objects. The notation below is deliberately restoring form, not mass-
squared matrix. A physical mass interpretation still requires a model-specific
kinetic normalization and zero-momentum identification.

Let Vi and V¢ be finite-dimensional real inner-product spaces and put

Y=Veove, Qui=(p y)z0 A>0

The same Schur statement holds for Hermitian blocks after passage to the
underlying real space. At this stage V¢ is only an analytic candidate space;
no identification with the gauge Lie algebra is being made.

Theorem 13.1 (Effective restoring form). Define

(29) QY =N - BA'B*.

rest —

Then QX >0 and

rest

Ker Qrest = Ker Qeﬁ

rest®
The correspondence sends

A1 =
y'_>< A By>.
Yy

Proof. Complete the square:

Qrest|z B Y] = <m +A7'B*y, A (x + A_IB*y)>
+(y, (N = BAT'BY) y).

The first term is nonnegative. Setting r = —A~!B*y and using Qrest > 0
gives

<y7 Q?gsty> Z 07

SO fost > 0. The displayed decomposition is now a sum of two nonnegative

terms. It vanishes exactly when z = —A~'B*y and y € Ker Q¢ | which

rest»
gives the stated kernel correspondence. ([

Remark 13.2 (Candidate nullity only). A kernel is not yet a particle
statement. The nullity of Qf, counts candidate infrared-restoring directions.
To call one a massless gauge direction still requires the Ward/Gauss and

kinetic certificates.
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14. PERSISTENT CANDIDATE-SOFT PROJECTORS

Let s — QT (s) be a norm-continuous finite-dimensional family of non-
negative self-adjoint operators. Spectral projections around isolated spectral

clusters are standard in perturbation theory [4].

Proposition 14.1 (Persistent candidate-soft projector). Let I be a nonempty
interval and choose sy € I. Put

r = dim Ker Q%% (s¢).
Assume that one § > 0 satisfies
spec(Qrext () \ {0} C [6,00) (s €1).

Choose the fixed positively oriented circle
Io={2€C:|z|=4/2}
and set
Pan(9) = 5 . (= Qi) e
Then Psogi(s) varies norm-continuously on I and
rank Piog(s) =r (sel).

Proof. The uniform spectral gap places the fixed circle I'y in the resolvent set
of every Q% (s). Norm continuity of the family and the resolvent identity
give norm continuity of the resolvent on I'g, hence of the contour integral.
The rank of a norm-continuous projection-valued map is locally constant.
Since I is connected and the rank at sq is 7, the rank is r throughout I; see

14]. 0

15. GLOBAL COMPLETION OF THE SOFT GAUGE SECTOR

A kernel is not a gauge group. The restoring null space is still analytic
data. To obtain a genuine residual compact subgroup we have to put back
the symmetry certificate and the global form, separately.

Let g be the Lie algebra of G and let hwarq € g be the certified real
Lie subalgebra of infinitesimal gauge directions preserving the required
Gauss/Ward package. The analytic candidate space Vo and the gauge
Lie algebra are different types, so introduce a specified injective real-linear
gauge-realization map

Jg Vo — g.
Define the Ward-compatible soft algebra by

Jsoft = Jg (Ker Qlergst) N []Ward-

Assume explicitly that geof; is contained in the Lie algebra tg of a maximal
torus T C G} since gqof; is a real vector subspace of g and tg is Abelian, it
is then an Abelian Lie subalgebra. For a compact connected Lie group, the
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kernel of the exponential map on a maximal torus is a full lattice; standard
references include [3, 5|. Define

Ag = Ker (exp : tg — 1) -
Definition 15.1 (Rational soft algebra). The soft algebra is rational when

rankz (gSOft N AG) = dimR Fsoft -

Theorem 15.2 (Global soft-subgroup completion). If the realized Ward-
compatible soft algebra is torally contained and rational with respect to Aq,
then

Hsooft = eXp(QSoft) = U(l)r7 r= dimR Gsoft -
Forr =1, the surviving connected compact subgroup is a circle. The primitive
lattice element in gsory N Ag fizes its natural global generator normalization.

Proof. Rationality means that geor N A is a full lattice in the r-dimensional
real vector space ggot. Hence

gsoft/(gsoft N AG)

is a compact r-torus. Its image under the exponential map is exactly the
connected subgroup generated by gsof;, and therefore isomorphic to U(1)".
Compare the compact-torus structure in [3, 5]. O

Remark 15.3 (Mixed generators). A surviving generator need not lie entirely
in an original U(1) factor. It may contain both a Cartan component of a
semisimple factor and an original toral component. The restoring Schur
complement determines an analytic candidate direction, the realization map
Jg identifies the corresponding gauge generator, and the global quotient and
lattice determine whether that generator closes to a circle or higher torus.

16. FIREWALLS AND EXACT STATUS BOUNDARY

These are not disclaimers. They are theorem boundaries. Crossing any
one of them would change the claim of the paper.

Firewall 16.1 (Associator is not a mass gap).
Ww]#0 # A>0.
Firewall 16.2 (Finite center is not a gap theorem).
1Z(G)| <00 # A>0.
Firewall 16.3 (Continuous center is not a masslessness theorem).
Z(G) #{e} # A=0.

The Maxwell theorem is a statement about a concrete dynamical realization,
not a consequence of the abstract group alone.

Firewall 16.4 (Response coercivity is not full spectral coercivity).
Kag > 0 75} A > 0.

Theorem 9.1 proves the failure of this converse.
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Firewall 16.5 (Affine observer response is not full spacetime reconstruction).
The response form used here is built from observer-energy data p - u. A
theorem that this response-weighted coercivity reconstructs local incidence,
localization, or a complete affine spacetime requires an additional interface
beyond the scope of this paper.

Firewall 16.6 (Restoring nullity is not automatically unbroken gauge sym-
metry). A vector in Ker QL is only a candidate soft direction until it passes

the Ward/Gauss certificate and the global torus-lattice closure test.

Firewall 16.7 (Restoring form is not automatically a mass matrix). The
notation M? may be used only after a model-specific physical mass interpre-
tation has been independently certified.

Firewall 16.8 (No electroweak derivation). A one-dimensional mixed Car-
tan/toral soft algebra can mathematically integrate to a residual U(1). No
Standard Model Higgs mechanism, Weinberg angle, coupling relation, or
particle-mass formula is derived here.

17. INTERPRETATION

The two envelopes answer the same formal question in different mathe-
matics:

pobs(p) = infp-u = Vot pa0) = onf, o) = 12,

Timelike versus null momentum is spectral geometry. Torsion versus infinite
order is charge arithmetic. The formulas rhyme. The physics does not
collapse with them.

The place where physics re-enters is the analytic bridge. A finite form
may dominate a response, or it may not. The Schur complement measures
the reserve left after soft-sector mixing. The Dirichlet passage gives the
charge-side realization. Maxwell gives the opposite control: the full gap
can disappear while the observer response remains well typed and positively
controlled.

The associator stays upstream unless an independent analytic representa-
tive is actually built. That is the right place to look for a coherence effect.
Not before.

So the proof can be compressed to

comparison — response — lower envelope

analytic bridge

energy reserve.

separate certificate

A mass gap is one strong realization of that pattern. It is not the definition.
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18. CONCLUSION

A mass gap says that every nonvacuum direction pays. Lower-envelope
rigidity asks less. It asks whether a particular certified response can be
pushed into degeneracy. Timelike momentum and torsion charge carry
positive reserves; null momentum and infinite-order charge do not. Those
are different physical statements with the same formal shape.

Energy is another step. The Schur problem tells us when a physical form
controls a response in the presence of soft directions. The Dirichlet passage
realizes that step for the selected charge problem. Maxwell shows why the
distinction matters: its gap vanishes, but the affine observer response does
not become meaningless.

Everything downstream keeps the same discipline. A restoring kernel is
not yet a gauge group. An associator is not a mass gap. A finite charge
reserve is not a confinement theorem. The useful statement is the narrower
one:

rigidity is separation of certified response from degeneracy;

energy is another theorem.

That is enough.
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